ABSTRACT. We construct an abelian quotient of the symplectic derivation Lie algebra h g,1 of the free Lie algebra generated by the fundamental representation of Sp(2g, Q). More specifically, we show that the weight 12 part of the abelianization of h g,1 is 1-dimensional for g ≥ 8.
INTRODUCTION
Let H be the fundamental representation over Q of the symplectic group Sp(2g, Q). Topologically, the vector space H is the first rational homology group of a compact connected oriented surface of genus g with one boundary component. In this paper, we concern with the symplectic derivation Lie algebra h g,1 of the free Lie algebra L(H) generated by H. The Lie algebra h ∞,1 := lim g→∞ h g,1 obtained by the stabilization is just the Lie case of the three infinitedimensional graded Lie algebras considered by Kontsevich in [12, 13] . In these papers, he proved that the Lie algebra homology of h ∞,1 is isomorphic to the free graded commutative algebra generated by the stable homology of the Lie algebra sp(2h, Q) of Sp(2h, Q) and the totality of the cohomology of the outer automorphism groups Out F n of free groups of rank n ≥ 2.
In general, computing (co)homology groups of Out F n has been a difficult problem. More specifically, although the theory of outer spaces due to Culler and Vogtmann [7] gives a (2n − 3)-dimensional finite cell complex which computes the rational (co)homology groups of Out F n for any fixed n, the number of cells grows very fast comparing with increasing n. H * (Out F n ; Q) were determined by Hatcher and Vogtmann [11] for n ≤ 4 (together with general computational results), Gerlits [9] for n = 5, and Ohashi [21] for n = 6. On the other hand, in our previous papers [18, 19] , we computed the integral Euler characteristics e(Out F n ) = i dim (H i (Out F n ; Q))
of Out F n up to n ≤ 11: n 2 3 4 5 6 7 8 9 10 11 e(Out F n ) 1 1 2 1 2 1 1 −21 −124 −1202
This result shows the existence of many non-trivial odd-dimensional rational (co)homology classes of Out F n . Note that almost all of the above results were obtained with the aid of computers.
for any 1 ≤ i, j ≤ g.
The free Lie algebra L(H) generated by H has a natural graded Lie algebra structure. Let
denote the corresponding direct sum decomposition with L i (H) the degree i part. We now consider the space h g,1 of all derivations of L(H) that annihilate the symplectic element ω 0 := for all X, Y ∈ L(H) and D(ω 0 ) = 0. h g,1 is a Lie subalgebra of the Lie algebra of all endomorphisms of L(H). Let h g,1 (k) be the degree k homogeneous part of h g,1 . Since the Leibniz rule says that each element of h g,1 is characterized by its action on L 1 (H) = H, we have
In other words, h g,1 (k) is regarded as a subspace of
From this point of view, it is known that
and in particular, h g,1 (0) coincides with the Lie algebra sp(2g, Q) of Sp(2g, Q). It is easy to check that the direct sum decomposition
gives a graded Lie algebra structure. We call h g,1 the symplectic derivation Lie algebra of L(H).
The symplectic group Sp(2g, Q) acts naturally on each h g,1 (k). This action is the restriction of the diagonal action on H ⊗ L k+1 (H), and therefore it is compatible with the stabilization h g,1 ֒→ h g+1, 1 . In this paper, we concern with the abelianization H 1 (h g,1 ) = h g,1 /[h g,1 , h g,1 ] of the Lie algebra h g,1 as well as H 1 (h ∞,1 ) = h ∞,1 /[h ∞,1 , h ∞,1 ] after taking the direct limit with respect to g. The grading of h g,1 gives a direct sum decomposition [h g,1 (i), h g,1 (w − i)] called the weight w part. Now we recall the theorem of Kontsevich mentioned in Introduction. For simplicity, we only mention the part related to H 1 (h ∞,1 ) and refer to the original papers [12, 13] and a paper by Conant and Vogtmann [6] for details. In these papers, it is shown that there exists an isomorphism
for any integer n ≥ 1. Here Out F n+1 is the outer automorphism group of the free group of rank (n + 1) and H 2n−1 (Out F n+1 ; Q) denotes the (2n − 1)-st rational cohomology group of Out F n+1 . By a technical reason, we rewrite H 1 (h ∞,1 ) 2n as follows. Let Sp w ∼ = H * (h + g,1 ) w Sp stabilize when g becomes large. In particular, H 1 (h ∞,1 ) 2n is finite-dimensional.
MAIN RESULTS
The main result of this paper is to derive H 1 (h + ∞,1 ) Sp 12 ∼ = Q without using theorems of Kontsevich and Bartholdi. That is, we prove it directly in h + ∞,1 . In the proof, we construct an explicit linear map (cocycle) C which gives the above isomorphism. More precisely, we have: Theorem 3.1. There exists an Sp(2g, Q)-invariant linear map C : h g,1 (12) → Q satisfying that
• C is non-trivial for any g ≥ 2,
• the restriction of C to
That is, the cocycle C gives a surjection C : H 1 (h Moreover C is an isomorphism for g ≥ 8.
This theorem gives an alternative proof of H 11 (Out F 7 ; Q) ∼ = Q. 
METHOD FOR COMPUTATION
In this section, we explain how we prove the main theorem with the aid of computers. Our computation for
Sp 12 proceeds in the following way: (1) Find a coordinate system of h g,1 (12) Sp ∼ = Q 650 . (2) Compute the bracket map (12) Sp and see that the image includes a 649-dimensional subspace W . (3) Find a linear map C : h g,1 (12) Sp ։ Q which annihilates W . (4) Check that C is trivial on the image of the bracket map.
4.1.
Coordinate system of h g,1 (12) Sp . We begin by finding out a coordinate system of h g,1 (12) Sp ∼ = h g,1 (12) Sp , which is known to be isomorphic to Q 650 for g ≥ 5 (see [20, Table  3 ], where dim h 3,1 (12) Sp is wrongly written, the correct number is 354). Every Sp(2g, Q)-invariant linear map h g,1 (12) → Q factors through h g,1 (12) Sp and the natural projection h g,1 (12) → h g,1 (12) Sp is regarded as the projection onto h g,1 (12) Sp . Therefore we get a coordinate system of h g,1 (12) Sp by finding 650 linearly independent Sp(2g, Q)-invariant linear maps h g,1 (12) → Q.
Since
Sp is classically known and it is given as follows. Divide the set {a, b, c, . . . , m, n} of 14 letters into 7 pairs, say (i 1 j 1 )(i 2 j 2 ) · · · (i 7 j 7 ). Then we consider the map
Here we call this map a multiple contraction. It is Sp(2g, Q)-invariant since µ is so. We use multiple contractions restricted to h g,1 (12) as coordinates of h g,1 (12) Sp . Note that they are invariant under the stabilization map h g,1 ֒→ h g+1,1 .
On the other hand, we use Lie spiders to express elements of h g,1 . A Lie spider with (k + 2) legs is defined by
where u i ∈ H. It is known (see [15] , for instance) that Lie spiders with (k + 2) legs belong to h g,1 (k) and generate it.
After calculating the pairings of a large amount of multiple contractions and Lie spiders, we see that the 650 multiple contractions C 1 , C 2 , . . . , C 650 in Appendix A are linearly independent. (Here we omit to display the corresponding 650 Lie spiders since we may use the data in Appendix B together with the Lie spider in Subsection 4.4.) 4.2. Computation of the bracket map. Since the bracket map
is Sp(2g, Q)-equivariant, it induces a linear map (12) Sp .
Recall that each of multiple contractions
Sp . Therefore as long as we use the coordinate system constructed above, we may work in the whole h g,1 (12) without considering the projection onto the Sp(2g, Q)-invariant part.
Although the general formula for the bracket map is a little bit complicated, there is a clear formula for the bracket of two Lie spiders, see [6, Section 2.4.1] for instance. After implementing a computer code for the formula, we compute the coordinates of the images of many brackets in h g,1 (12) Sp . As a result, we see that the 649 elements of
The result is valid for g ≥ 8 since we only use a 1 , b 1 , . . . , a 8 , b 8 in this computation.
4.3. The map C. Next we look for a non-trivial Sp(2g, Q)-invariant linear map C : h g,1 (12) → Q annihilating W . For that we compute a linear relation over W ∼ = Q 649 among our 650 multiple contractions. The result is given by a linear combination of 647 multiple contractions as in Appendix C.
4.4.
Checking that C is a non-trivial cocycle. The final step needs the heaviest computation. To show that C is a cocycle, namely it is trivial on the image of the bracket map, we compute general formulas of bracket maps from each of [h g,1 (1), h g,1 (11) ], [h g,1 (2), h g,1 (10)], . . ., [h g,1 (6), h g,1 (6) ] to h g,1 (12) Sp in terms of µ. The results are 0 for all cases. This shows that C is a cocycle for all g ≥ 2. The non-triviality of C follows from the explicit computation that
which is valid for all g ≥ 2.
4.5. Implementation. The authors performed the above computations by using Mathematica. For that they wrote Mathematica codes whose core part computes the pairings of an element in H ⊗14 with multiple contractions. This is not so a difficult task if we use general transformation (replacement) rules to symbolic expressions in Mathematica. For example, an element x 1 ⊗ x 2 ⊗ · · · ⊗ x 14 ∈ H ⊗14 with x i ∈ {a 1 , b 1 , . . . , a g , b g } can be represented by the value ts[x1, x2, . . ., x14] of a function ts with no definition assigned. We can treat general elements in H ⊗14 by just taking their linear combinations. Then the pairing of x 1 ⊗ x 2 ⊗ · · · ⊗ x 14 with the multiple contraction µ (ci)(dk)(el)(f n)(gm)(hj) , for example, is given by the replacement rule
where mu is the function which computes the value of the bilinear form µ.
FINAL REMARK
While an Sp(2g, Q)-invariant map h g,1 (12) → Q inducing the isomorphism
Sp 12 ∼ = Q is unique up to scalar for g ≥ 8, a description of this map using multiple contractions such as our cocycle C is not so. It might be possible to obtain more simple expression than C by taking another set of multiple contractions as a coordinate system of h g,1 (12) Sp ∼ = Q 650 . In the study of the structure of the Lie algebra h + g,1 , the determination of the Lie subalgebra
of h + g,1 generated by the degree 1 part h g,1 (1) has been considered to be important. It was shown by Hain [10] that this problem is the same as the determination of the rational image of the Johnson homomorphisms for subgroups of the mapping class groups of a surface. To this problem, Enomoto and Satoh [8] provided the following powerful tool. They showed that the Sp(2g, Q)-equivariant map obtained as the composition
is not trivial in general, but its restriction to J(k) is trivial for any k ≥ 2. Here H ⊗k Z/kZ denotes the coinvariant quotient of H ⊗k with respect to the action of Z/kZ as rotations of the entries. Consequently, the image of ES k gives a lower-bound estimate of the gap between J k and h g,1 (k). There are also important papers of Conant [3] and Conant-Kassabov [4] on this subject.
Using some data and Mathematica codes for the computation of the previous sections, the authors observed the following relationship between ES 12 and our cocycle C.
Sketch of Proof. First we see that the image of ES 12 : h g,1 (12) Sp → H ⊗12 Sp Z/12Z ∼ = Q 897 is 284-dimensional and take a basis of Ker ES 12 . Then we observe that the map C is trivial on the Ker ES 12 by applying C to the basis.
By using this theorem, it is possible to give another description of the Sp(2g,
→ Q. Such a map C ′ is described by chord diagrams with 6 chords serving as a coordinate system of H ⊗12 Sp Z/12Z ∼ = Q 897 . The details of the above computation will appear elsewhere.
APPENDIX B. THE IMAGE OF THE BRACKET MAP
The brackets of the following 649 elements generate a 649-dimensional subspace W of h g,1 (12) Sp ∼ = Q 650 for g ≥ 8. In the computation, three types of bracket maps are used, where Type 1 and Type 2 concern with [h g,1 (1), h g,1 (11) ] and Type 3 with [h g,1 (3), h g,1 (9)].
, where X is a sequence obtained by permuting {a 2 , b 2 , . . . , a 7 , b 7 } as follows: a 3 , a 4 , a 5 , b 2 , a 6 , a 7 , b 3 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , b 5 , a 6 , b 3 , b 6 , b 4 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , b 5 , a 6 , b 3 , a 7 , b 4 , b 6 , b 7 },   {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , b 5 , b 3 , b 6 , b 4 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , b 5 , b 3 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , b 6 , b 3 , b 5 , b 4 , a 7 , b 7 },   {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , a 7 , b 3 , b 5 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , a 7 , b 3 , b 5 , b 6 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , b 6 , b 3 , a 7 , b 4 , b 5 , b 7 },   {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , a 7 , b 3 , b 6 , b 4 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , a 7 , b 3 , b 6 , b 5 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , b 4 , a 6 , b 6 , b 3 , b 5 , a 7 , b 7 },   {a 2 , a 3 , a 4 , a 5 , b 2 , b 4 , a 6 , a 7 , b 3 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , b 4 , a 6 , a 7 , b 3 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 2 , a 6 , b 4 , b 6 , b 3 , b 5 , a 7 a 3 , a 4 , a 5 , a 6 , b 2 , b 4 , b 6 , b 5 , b 3 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 4 , a 7 , b 5 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 4 , a 7 , b 5 , b 6 , b 3 , b 7 },   {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 5 , b 4 , b 6 , b 3 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 5 , b 4 , a 7 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 6 , b 4 , b 5 , b 3 , a 7 , b 7 },   {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 4 , b 5 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 4 , b 5 , b 6 , b 3 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 6 , b 4 , a 7 , b 3 , b 5 , b 7 },   {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 4 , b 6 , b 3 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 4 , b 6 , b 5 , b 3 , b 7 }, {a 2 , a 3 , b 3 , a 4 , b 4 , a 5 , b 2 , a 6 , a 7 , b 5 , b 6 , b 7 },   {a 2 , a 3 , b 3 , a 4 , a 5 , b 4 , b 2 , a 6 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , b 2 , b 4 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 4 , b 5 , b 6 , b 7 },   {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , b 2 , b 5 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 5 , b 4 , b 6 , b 7 },   {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , b 2 , a 7 , b 5 , b 6 , b 4 , b 7 }, {a 2 , a 3 , a 4 , b 3 , b 4 , a 5 , b 2 , a 6 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , b 4 , b 2 , a 6 , a 7 , b 5 , b 6 , b 7 },   {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 2 , b 4 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 2 , a 7 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 2 , a 7 , b 4 , b 6 , b 5 , b 7 },   {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 2 , b 5 , b 6 , b 4 , a 7 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 2 , b 5 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 2 , a 7 , b 5 , b 4 , b 6 , b 7 },   {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 2 , a 7 , b 5 , b 6 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , b 4 , b 2 , a 6 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , b 4 , a 7 a 3 , a 4 , a 5 , b 3 , a 6 , a 7 , b 2 , b 6 , b 4 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , a 7 , b 2 , b 6 , b 5 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 4 , b 3 , a 6 , b 2 , a 7 , b 5 , b 6 , b 7 },   {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 4 , b 2 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , a 7 , b 2 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 3 , b 5 , b 6 , b 7 },   {a 2 , a 3 , a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 3 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 4 , a 7 , b 2 , b 3 , b 5 , b 6 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 6 , b 5 , b 7 },   {a 2 , a 3 , a 4 , b 3 , a 5 , b 4 , a 6 , a 7 , b 2 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 4 , a 7 , b 2 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 4 , a 7 , b 2 a 5 , b 4 , b 5 , a 6 , a 7 , b 6 , a 8 , b 7 , b 8 , b 2 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , b 6 , a 8 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , b 6 , b 2 , a 8 , b 7 , b 8 },   {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , a 8 , b 6 , b 7 , b 8 , b 2 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , a 8 , b 6 , b 8 , b 7 , b 2 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , a 8 , b 6 , b 2 , b 7 , b 8 },   {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , b 2 , b 6 , a 8 , b 7 , b 8 }, {a 4 , a 5 , b 4 , b 5 , a 6 , b 2 , a 7 , b 6 , a 8 , b 7 , b 8 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , a 8 , b 7 , b 6 , b 8 , b 2 },   {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , a 8 , b 2 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , b 2 , a 8 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , a 8 , b 2 , b 6 , b 8 , b 7 },   {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , b 2 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , a 8 , b 7 , b 2 , b 6 , b 8 }, {a 4 , a 5 , b 4 , b 5 , a 6 , a 7 , b 2 , b 7 , a 8 , b 6 , b 8 },   {a 4 , a 5 , b 4 , b 5 , b 2 , a 6 , a 7 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , b 5 , b 6 , a 7 , a 8 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 5 , b 6 , a 7 , b 2 , a 8 , b 7 , b 8 },   {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , b 6 , a 8 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , b 6 , b 2 , a 8 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 6 , b 7 , b 8 , b 2 },   {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 6 , b 8 , b 7 , b 2 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 6 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , b 2 , b 6 , a 8 , b 7 , b 8 },   {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 7 , b 6 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 2 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , b 2 , a 8 , b 6 , b 7 a 5 , b 4 , a 6 , b 2 , b 6 , a 7 , a 8 , b 5 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 6 , b 7 , b 5 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 6 , b 8 , b 5 , b 7 , b 2 },   {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 6 , b 2 , b 5 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 6 , a 8 , b 5 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 6 , b 2 , b 5 , b 8 , b 7 },   {a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 6 , a 8 , b 5 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 6 , a 8 , b 5 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 6 , a 8 , b 5 , b 8 , b 7 },   {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 7 , b 6 , b 5 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 7 , b 8 , b 5 , b 6 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 7 , b 2 , b 5 , b 6 , b 8 },   {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 7 , b 2 , b 5 , b 8 , b 6 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 7 , a 8 , b 5 , b 8 , b 6 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 6 , b 7 , a 8 , b 2 
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{a 2 , a 3 , a 4 , a 5 , b 4 , b 2 , a 6 , b 5 , a 7 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 4 , b 5 , b 6 , b 3 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 2 , b 4 , b 5 , a 7 , b 3 , b 6 , b 7 }, {a 2 ,, b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , b 6 , b 4 , b 5 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , a 7 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , a 7 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , b 5 , b 2 , a 6 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , b 5 , b 6 , b 4 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , b 5 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , b 6 , b 5 , b 4 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , a 7 , b 5 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 2 , a 7 , b 5 , b 6 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , b 4 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , b 6 , b 4 , b 5 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , a 7 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , a 7 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , b 5 , b 6 , b 4 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , b 5 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , a 7 , b 5 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 3 , b 2 , a 7 , b 5 , b 6 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 4 , a 6 , b 2 , b 3 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 4 , b 2 , b 3 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 3 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 3 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 5 , a 6 , b 2 , b 3 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 5 , b 2 , b 3 , b 6 , b 4 , a 7 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 5 , b 2 , b 3 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 3 , b 5 , b 6 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 3 , b 6 , b 4 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 3 , b 6 , b 5 , b 4 , b 7 },{a 2 , a 3 , a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 4 , b 2 , b 5 , a 7 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , b 4 , b 2 , a 7 , b 5 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 4 , b 5 , b 3 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 4 , b 5 , b 6 , b 3 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 4 , b 6 , b 3 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 4 , b 6 , b 5 , b 3 , b 7 }, {a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 5 , b 4 , b 6 , b 3 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , b 3 , a 4 , a 5 , a 6 , a 7 , b 2 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , b 3 , b 4 , a 5 , a 6 , b 2 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , b 4 , b 2 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , a 7 , b 2 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , a 7 , b 2 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , a 7 , b 2 , b 5 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , a 7 , b 2 , b 5 , b 6 , b 4 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , a 7 , b 2 , b 6 , b 4 , b 5 , b 7 }, {a 2 , a 3 , a 4 , b 3 , a 5 , a 6 , a 7 , b 2 , b 6 , b 5 , b 4 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , b 4 , a 6 , b 2 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , b 4 , b 2 , a 7 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , a 7 , b 2 , b 4 , b 5 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , a 7 , b 2 , b 4 , b 6 , b 5 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , b 5 , a 6 , b 2 , a 7 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , a 7 , b 2 , b 5 , b 4 , b 6 , b 7 }, {a 2 , a 3 , a 4 , a 5 , b 3 , a 6 , a 7 , b 2 , b 5 , b 6 , b 4 , b 7 }, {a 2 ,, b 6 , b 5 , b 7 },, b 8 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 2 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , b 2 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 7 , b 8 , b 6 , b 2 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , a 8 , b 7 , b 2 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 5 , a 7 , b 2 , b 7 , a 8 , b 6 , b 8 }, {a 4 , a 5 , b 4 , b 2 , b 5 , a 6 , a 7 , a 8 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , b 2 , b 5 , a 6 , a 7 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , b 2 , b 5 , a 6 , a 7 , a 8 , b 7 , b 6 , b 8 }, {a 4 , a 5 , b 4 , b 2 , b 5 , a 6 , a 7 , a 8 , b 7 , b 8 , b 6 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 6 , a 8 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 6 , b 2 , a 8 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 6 , b 7 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 6 , b 8 , b 7 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 6 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 2 , b 6 , a 8 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 7 , a 8 , b 6 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 7 , b 6 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 2 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 2 , a 8 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 2 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 2 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , b 2 , b 5 , a 7 , a 8 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 2 , b 5 , a 7 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 7 , a 8 , b 2 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , b 7 , b 2 , a 8 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 7 , b 8 , b 6 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 5 , a 8 , b 7 , b 2 , b 6 , b 8 },{a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 5 , a 8 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 5 , b 2 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 5 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , a 8 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 5 , b 7 , b 8 , b 6 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 5 , b 7 , b 2 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 5 , b 7 , a 8 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 5 , b 8 , b 7 , b 6 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 5 , b 2 , b 7 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 5 , a 8 , b 7 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 5 , b 8 , b 2 , b 6 , b 7 }, {a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , b 7 , a 8 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , a 8 , b 7 , b 6 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 2 , b 5 , a 8 , b 7 , b 8 , b 6 }, {a 4 , a 5 , b 4 , a 6 , b 2 , a 7 , b 5 , a 8 , b 7 , b 8 , b 6 }, {a 4 , a 5 , b 4 , b 2 , a 6 , a 7 , b 5 , a 8 , b 6 , b 7 , b 8 }, {a 4 , a 5 , b 4 , b 2 , a 6 , a 7 , b 5 , a 8 , b 6 , b 8 , b 7 }, {a 4 , a 5 , b 4 , b 2 , a 6 , a 7 , b 5 , a 8 , b 7 , b 6 , b 8 }, {a 4 , a 5 , b 4 , b 2 , a 6 , a 7 , b 5 , a 8 , b 7 , b 8 , b 6 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 6 , a 8 , b 5 , b 7 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 6 , a 8 , b 5 , b 8 , b 7 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , b 6 , a 8 , b 5 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 6 , b 5 , b 7 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 6 , b 5 , b 2 , b 7 , b 8 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 7 , b 5 , b 6 , b 8 , b 2 }, {a 4 , a 5 , b 4 , a 6 , a 7 , a 8 , b 2 , b 5 , b 6 , b 7 , b 8 },
593-648
The cocycle C is given as a linear combination of C 1 , C 2 , . . . , C 647 in Appendix A. The explicit formula is as follows. 
